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Abstract
Let n ∈ N∗ and let Mn = SO(n)  Rn be the corresponding motion group. In this paper, we describe
the C∗-algebra of Mn in terms of a C∗-algebra of operator fields defined over its dual space.
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1. Introduction and notations
Let G be a locally compact group and let Ĝ be the unitary dual of G, i.e., the set of equivalence
classes of irreducible unitary representations of G. By definition, the C∗-algebra C∗(G) of G is
the completion of the convolution algebra L1(G) with respect to the norm




It is well known that the unitary dual Ĉ∗(G) of C∗(G) is in bijection with the dual space Ĝ
of G. Furthermore, the C∗-algebra C∗(G) of G can be identified with a subalgebra of the big
C∗-algebra ∞(Ĝ) of bounded operator fields given by
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{
F : Ĝ →
⋃
π∈Ĝ





through the Fourier transform F defined on C∗(G) by
F(c)(π) = π(c), for all π ∈ Ĝ, c ∈ C∗(G).
In other terms, since F is an injective homomorphism of C∗(G) into ∞(Ĝ), the C∗-algebra of G
is isomorphic to a subalgebra D = F(C∗(G)) of elements in ∞(Ĝ) satisfying some conditions.
One condition the elements of D must naturally fulfill is that of continuity. For this we need
a neat description of the topology on Ĝ. In particular, for a second countable locally compact
group G, the Fell topology on Ĝ can be described as follows: a sequence (πk)k ⊂ Ĝ converges
to π in Ĝ if and only if for each vector ξ in the Hilbert space Hπ of π , there exists an element
ξk ∈ Hπk for any k so that the sequence of linear functionals (〈πk(.)ξk, ξk〉)k ⊂ C∗(G)′ converges
weakly on some dense subspace of C∗(G) to the linear functional 〈π(.)ξ, ξ 〉. The topology of Ĝ
is in general not Hausdorff and thus a sequence in Ĝ can have many limit points.
Recently, J. Ludwig and L. Turowska have described in [6] the C∗-algebra of the Heisenberg
group and of the thread-like Lie groups in terms of an algebra of operator fields defined over
their dual spaces. In this paper, we give a similar precise description of the C∗-algebra of the
Euclidean motion group Mn = SO(n)  Rn.
This paper is structured in the following way. In Section 2, we characterize the C∗-algebra
of a compact group and in particular of the C∗-algebra of the rotation group SO(n). Section 3
contains a parametrization of the dual space of the motion group Mn = SO(n)  Rn and a de-
scription of the topology of the unitary dual of C∗(Mn) taken from [1]. In the last paragraph, we
describe the elements of the image of the Fourier transform of C∗(Mn) inside the big algebra
∞(M̂n).
2. The C∗-algebra of a compact group
Let K be a compact topological group and let K̂ be the unitary dual space of K . It is
well known that for every π ∈ Ĝ the Hilbert space Hπ of π is finite-dimensional and that
K̂ has the discrete topology. We denote by C0(K̂) the Banach algebra of all operator fields
F : K̂ → ⋃π∈K̂ B(Hπ ) defined over K̂ , such that F(π) ∈ B(Hπ ) for each irreducible uni-
tary representation π of K and such that limπ→∞ ‖F(π)‖op = 0. This algebra is equipped with
the norm ‖F‖∞ := supπ∈K̂ ‖F(π)‖op,F ∈ C0(K̂). The following description of C∗(K) is well
known. We present an elementary proof for completeness sake. The proof of the main theorem
of this paper will use similar arguments.
Proposition 2.1. The C∗-algebra C∗(K) of K is isomorphic to C0(K̂).
Proof. For each π ∈ K̂ , we consider the ideal Mπ in L1(K) consisting of all the coefficient
functions 〈π(.)ξ, η〉Hπ associated to the irreducible representation π of K . It is easy to see that
the Fourier transform maps Mπ onto the ideal Iπ of C0(K̂) consisting of all operator fields
F ∈ l+∞(K̂) whose support is reduced to the singleton {π} (or to the empty set). It follows from
the Peter–Weyl theorem that the ideal L10(K) in L
1(K) generated by the family {Mπ, π ∈ K̂} is
dense in L1(K) and is mapped under the Fourier transform into the ideal C00(K̂) of all finitely
supported elements in C0(K̂). This ideal C00(K̂) is evidently itself dense in C0(K̂). Hence the
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C∗(K) onto C0(K̂).
For every π ∈ K̂ , let δπ be the irreducible representation of C0(K̂) defined by δπ (F ) :=
F(π),F ∈ C0(K̂). This gives us an injection δ : K̂ → Ĉ0(K̂). Let now π be an irreducible uni-
tary representation of C0(K̂). Then, since C00(K̂) is generated by the Iρ ’s (ρ ∈ K̂), there exists
τ ∈ K̂ such that π(Iτ ) = {0}. Since τ is irreducible, it follows then that τ(Iρ) = {0} for every
ρ = τ , since then Iρ ◦ Iτ = {0}. This shows that π = δτ . Hence the mapping δ : K̂ → Ĉ0(K̂)
is a bijection. This proves in particular that C0(K̂) is a type I algebra and therefore, by Stone–
Weierstrass theorem (see [2]), we obtain that F(C∗(K)) = C0(K̂). 
Example 2.2. Recall that every irreducible unitary representation of the rotation group SO(n) is
determined by its highest weight λ = (λ1, λ2, . . . , λd) such that λ1  · · ·  λd−1  |λd | when
n = 2d is even, and λ1  · · · λd  0 when n = 2d + 1 is odd, with all the λj ’s understood to
be integers (cf. [5]). If we identify the set of highest weight λ with the unitary dual ŜO(n), the
C∗-algebra C∗(SO(n)) of SO(n) is just the algebra of the operator fields F = (F (λ))
λ∈ŜO(n)
so that F(λ) is an operator on the Hilbert space Hτλ of the representation τλ ∈ ŜO(n) and
lim|λ|→+∞ ‖F(λ)‖op = 0, where |λ| = λ1 + λ2 + · · · + λd−1 + |λd |.
3. The topology of the dual space of the motion group Mn
The motion group is the semi-direct product of the compact Lie group SO(n) with the abelian
group Rn. The multiplication in this group is given by
(A,x)(B,y) = (AB,x + Ay), x, y ∈ Rn, A,B ∈ SO(n).
The dual space of Mn has been described by Mackey using his little group method (for details,
see [7]).
Let  be a non-zero real linear form on Rn. Let S denote the stabilizer of  under the natural
action of the special orthogonal group SO(n) on Rn. Let ρ be an irreducible unitary represen-
tation of the stabilizer S acting on the Hilbert space Hρ and let χ be the character of Rn
given by χ(x) = e−i〈,x〉. We let L2(SO(n)/SO(n − 1), ρ) = H(ρ,) be the completion of the
vector space of all continuous mappings ξ : SO(n) → Hρ for which ξ(BA) = ρ(A)∗ξ(B) for













ξ ∈ H(ρ,), (A,x) ∈ Mn, B ∈ SO(n)
)
,
is an irreducible representation of Mn. Furthermore, every infinite-dimensional irreducible uni-
tary representation of Mn is equivalent to some π(ρ,). We remark that the representations π(ρ,)
and π(ρ′,′) are equivalent if and only if  and ′ have the same Euclidean norm and the repre-
sentations ρ and ρ′(∈ Ŝ′) are equivalent under the obvious identification of S with S′ (cf. [7,
Paragraph 3.9]). If ‖‖ = ‖′‖ = r , r ∈ ]0,+∞[, we adopt the notation χr for the character as-
sociated with the linear form r = (0, . . . ,0, r)T . The stabilizer Sr of r is identified with the
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weight μ and we choose πμ,r as the representative of the equivalence class of π(ρ,).
Furthermore, every irreducible unitary representation τλ of SO(n) can be trivially extended to
an irreducible representation (also denoted by τλ) of the group Mn as follows
τλ(A,x) := τλ(A), A ∈ SO(n) and x ∈ Rn.
In this way, we obtain that the unitary dual of the semi-direct product SO(n)  Rn is in bijection
with the set of parameters Pn := Kn ∪ ŜO(n), where Kn = ̂SO(n − 1) × R∗+. We shall in the
sequel identify M̂n with its parameter set Pn.
We put on the space Kn the product topology of the discrete space ̂SO(n − 1) with R∗+
equipped with its usual topology.
Let C∗(Mn) denote the full C∗-algebra of Mn. We recall that C∗(Mn) is obtained as the
completion of the involutive Banach algebra L1(Mn) with respect to the norm












Definition 3.1. For ρμ ∈ ̂SO(n − 1), define the representation π(μ,0) of Mn by
π(μ,0) := indMnSO(n−1)Rn ρμ ⊗ 1
and let Hμ,0 be its Hilbert space. By the branching theorem for SO(n) with respect to SO(n− 1)





where λ μ means that{
λ1  μ1  λ2  μ2  · · · λd−1  μd−1  λd  |μd |, n = 2d + 1,
λ1  μ1  λ2  μ2  · · · λd−1  μd−1  |λd |, n = 2d.
As for the topology of the dual space, it is well known that for r > 0, ρμ ∈ ̂SO(n − 1) and
τλ ∈ ŜO(n), a sequence (π(μk,rk))k of irreducible representations of Mn converges in M̂n to π(μ,r)
if and only if (rk)k tends to r as k → +∞ and μk = μ for k large enough and it converges to
τλ in M̂n if and only if limk→+∞ rk = 0 and τλ is a sub-representation of πμk for large k. The
subset ŜO(n) of M̂n has of course the discrete topology (cf. [1,3]).
Lemma 3.2. Let μ ∈ ̂SO(n − 1) and let R∗+,μ = {μ} × R∗+ ⊂ Kn. Then R∗+,μ corresponds to an
open set in M̂n.
Proof. Let Vμ = M̂n\R∗+,μ. Let π be an element in M̂n, which is the limit of a sequence (πk)k
contained in Vμ. If πk = τλk for an infinity of k’s, then π ∈ ŜO(n) ⊂ Vμ. If else (i.e. πk =
πμk,rk ∈ Vμ, k ∈ N) we obtain that π ∈ ŜO(n) or π = πμ′,r where r = limk→+∞ rk and μk = μ′
for k large enough and thus μ′ = μ, i.e. π /∈ R∗+,μ. This shows that Vμ is closed. Whence, R∗+,μ
is an open set. 
170 F. Abdelmoula et al. / Bull. Sci. math. 135 (2011) 166–177Remark 3.3. Let us compute for f ∈ L1(Mn) the operator πμ,r (f ). We have for B ∈ SO(n) and
ψ ∈ Hμ,r that














































where fˆ 2 denotes the partial Fourier transform of f in the second variable and where









We remark that for A0,B0 ∈ SO(n − 1), A,B ∈ SO(n), we have




f ∈ L1(Mn): fˆ 2 ∈ C0
(
SO(n) × Rn)}.
This space C0,2(Mn) is dense in L1(Mn) and hence also in C∗(Mn).
Remark 3.5. We have the following bound for the kernel functions fμ,r where μ ∈ ̂SO(n − 1),





















∥∥fˆ 2∥∥ , A,B ∈ SO(n). (3.2)∞
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i<j
μi−μj+j−i
j−i < ∞), it follows that the norms ‖.‖op and ‖.‖H.S on the space Hρμ are equiva-
lent and∥∥fμ,r (B,A)∥∥H.S √dμ∥∥fμ,r (B,A)∥∥op, A,B ∈ SO(n), f ∈ C0,2(Mn).
If we take now a function f ∈ C0,2(Mn), then the operator πμ,r (f ) is Hilbert–Schmidt and
its Hilbert–Schmidt norm is given by





∥∥fμ,r (B,A)∥∥2H.S dB dA
(
 dμ
∥∥fˆ 2∥∥2∞ by (3.2)). (3.3)
Definition 3.6. Define for c ∈ C∗(Mn) the Fourier transform F(c) of c by{F(c)(μ, r) = π(μ,r)(c) ∈ B(H(μ,r)), (μ, r) ∈ Kn,
F(c)(λ) = τλ(c) ∈ B(Hτλ).
In fact by definition it is an isometric homomorphism of C∗(Mn) into ∞(M̂n).






(μ, r) → F(c)(μ, r)
is norm continuous, tending to 0 for (μ, r) going to infinity (i.e., r → +∞ or |μ| → +∞).
Furthermore limr→0 ‖πμ,r (c) − πμ,0(c)‖op = 0 uniformly in μ.
Proof. For f ∈ C0,2(Mn), the compactness of the operator π(μ,r)(f ) is a consequence of (3.3).





















− fˆ 2(BDA−1,Br)∣∣2 dD)dB dA.
For f ∈ C0,2(Mn) we have that∣∣fˆ 2(BDA−1,Br )− fˆ 2(BDA−1,Br)∣∣→ 0k
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(rk)k tends to r .
It follows from (3.1) that for μ ∈ ̂SO(n − 1) and ξ ∈ L2(SO(n)/SO(n − 1),μ):




































Since the function (A,B,D, r) → |fˆ 2(BDA−1,Br) − fˆ 2(BDA−1,0)| converges uniformly















∣∣fˆ 2(BDA−1,Br)− fˆ 2(BDA−1,0)∣∣dD
we see therefore that
lim
r→0
∥∥πμ,r (f ) − πμ,0(f )∥∥op = 0
uniformly in μ.




∥∥fμ,rk (B,A)∥∥H.S = 0 for all A,B ∈ SO(n),















, D ∈ SO(n − 1).
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in Lp(SO(n − 1)) for every 1 p ∞. Using now the Plancherel formula (see [4]), we get
lim
k→+∞



















On the other hand, for every μ ∈ ̂SO(n − 1), we have
lim
k→+∞
∥∥ρμ(ϕB,Ark )∥∥H.S = ∥∥ρμ(ϕB,Ar )∥∥H.S.








∥∥fμ,r (B,A)∥∥H.S = limrk→r|μ|→+∞
∥∥ρμ(ϕB,Ark )∥∥H.S = 0.
Since for f ∈ C0,2(Mn) the function fˆ 2(A, ) = 0 for  ∈ Rn large enough, it follows that
πμ,r (f ) = 0 for every μ ∈ ̂SO(n − 1) and every r big enough. The proposition follows now
from the density of C0,2(Mn) in C∗(Mn). 
4. A C∗-condition
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following conditions:
(1) F(μ, r) is a compact operator on H(μ,r) for every (μ, r) ∈ Kn,
(2) the mapping Kn →⋃(μ,r)∈Kn B(H(μ,r)): (μ, r) → F(μ, r) is norm continuous,
(3) lim(|μ|,r)→+∞ ‖F(μ, r)‖op = 0,
(4) limr→0 ‖F(μ, r) − F(μ,0)‖op = 0 uniformly in μ ∈ ̂SO(n − 1),
(5) lim|λ|→+∞ ‖F(λ)‖op = 0.
Proposition 4.3. Dn is a C∗-algebra for the norm ‖.‖op.
Proof. It is clear that Dn is an involutive sub-algebra of ∞(M̂n). In addition, the conditions
(1), (2), (3) and (5) are evidently true for every F in the closure of Dn. It remains for us to
verify condition (4). For this take a sequence (Fk)k ∈Dn such that limk→+∞ ‖Fk − F‖∞ = 0.
We have then limr→0 ‖F(μ, r) − F(μ,0)‖op = 0 uniformly in μ, since for any  > 0 there
exists k0 ∈ N, such that ‖Fk − F‖∞ < ε for any k  k0. For this k0 we have an α > 0 so that
‖Fk0(μ, r) − Fk0(μ,0)‖op < ε for every r ∈ ]0, α[ and every μ ∈ ̂SO(n − 1). Hence for r ∈
]0, α[, μ ∈ ̂SO(n − 1):∥∥F(μ, r) − F(μ,0)∥∥
op 
∥∥F(μ, r) − Fk0(μ, r)∥∥op + ∥∥Fk0(μ, r) − Fk0(μ,0)∥∥op
+ ∥∥Fk0(μ,0) − F(μ,0)∥∥op  3. 
Proposition 4.4. The Fourier transform F maps C∗(Mn) into Dn.
The proof follows from Definition 3.6 together with Proposition 3.7.
Remark 4.5. Let X be a locally compact space, let H be a separable Hilbert space, denote by
K(H) the algebra of all compact operators on H and let C0(X,K(H)) be the algebra of all con-
tinuous mappings F : X → K(H) vanishing at infinity, i.e. limx→+∞ ‖F(x)‖op = 0. This algebra
C0(X,K(H)) is a C∗-algebra with the sup-norm ‖F‖∞ := supx∈X ‖F(x)‖op. Furthermore it is
well known that the dual space of C0(X,K(H)) is homeomorphic to the locally compact space X.
Indeed, every x ∈ X determines the irreducible representation δx of C0(X,K(H)) by











F ∈Dn; F(λ) = 0 for all λ ∈ ŜO(n)
}
.
We remark that C∗n,0 (resp. Dn,0) is an ideal of C∗(Mn) (resp. Dn) and the Fourier transform
image of C∗n,0 is contained in Dn,0, since for any c ∈ C∗n,0 and every λ, we have
F(c)(λ) = τλ(c) = 0.
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space Kn.
Proof. Let πμ,r ∈ Kn. Then πμ,r (C∗n,0) = {0}. Indeed, let ψ be a Schwartz function on Rn
such that ψ̂ ≡ 1 on Sr = {x ∈ Rn: ‖x‖ = r} and ψ̂ ≡ 0 on a neighbourhood of zero and let
f ∈ L1(Mn). It follows that πμ,r (f ∗ ψ) = πμ,r (f ) and τλ(f ∗ ψ) = 0 for any λ ∈ ŜO(n). So,




)= πμ,r(C∗(Mn)) = {0}.
We define a representation of the algebra Dn,0 by
δμ,r :Dn,0 → K(H(μ,r)),
F → F(μ, r).
Therefore, if F = F(c), for some c ∈ C∗n,0, we have that δμ,r (F ) = πμ,r (c) and δμ,r is an
irreducible representation of Dn,0. We deduce from this that Kn can be injected in D̂n,0: If
(μ, r) = (μ′, r ′), then we can find c ∈ C∗(Mn) such that πμ,r (c) = 0,πμ′,r ′(c) = 0 and so
δμ,r = δμ′,r ′ .
Let now π ∈ D̂n,0 and let
Dn,0,c =
{




supp(F ) = {π ∈ M̂n: F(π) = 0}.
Let us first show that Dn,0,c is dense in the algebra Dn,0. In fact, let F ∈Dn,0. Then we have





∥∥F(μ, r) − F(μ,0)∥∥
op = 0
uniformly in μ ∈ ̂SO(n − 1) by the conditions (3) and (4). Hence, for any ε > 0, there exist a
finite set L ∈ ̂SO(n − 1) and a, b ∈ [0,+∞[, such that ‖F(μ, r)‖op < ε and all (μ, r) /∈ K =
L × [a, b].




0 if ‖x‖ ∈ [0, a2 ] ∪ [2b,+∞[,
1 if ‖x‖ ∈ [a, b],
0 ϕ̂(x) 1 if ‖x‖ ∈ [ a2 , a] ∪ [b,2b].
Define now an operator field Fε by
Fε(μ, r) =
{
ϕ̂(r )F (μ, r) if μ ∈ L,
0 if μ /∈ L.
It is easy to see that Fε satisfies the conditions (1) to (5) in Definition 4.2. Hence Fε ∈ Dn.
Furthermore the support of (Fε) is contained in K ′ = L × [ a2 ,2b]. Hence Fε ∈Dn,0,c .
If (μ, r) /∈ K ′, Fε(μ, r) = 0 and ‖F(μ, r)‖  ε (since K ′ ⊃ K). On the other hand, if
(μ, r) ∈ K ′
176 F. Abdelmoula et al. / Bull. Sci. math. 135 (2011) 166–177∥∥Fε(μ, r) − F(μ, r)∥∥op = (1 − ϕ̂(r ))∥∥F(μ, r)∥∥op =
{0 if r ∈ [a, b],
 ε if r /∈ [a, b]. (4.1)




F ∈Dn,0,c: support(F ) ⊂ {μ} × R∗+
}
.
The space Iμ is a closed ideal in Dn. Furthermore, Dn,0,c is generated, as a subspace, by
the union of all the ideals Iμ, μ ∈ ̂SO(n − 1). Therefore there is a μ ∈ ̂SO(n − 1) verifying
π|Iμ = 0. We observe that Iμ is isomorphic to the C∗-algebra C0(R∗+,μ;K(H(μ,r))) and thus
Îμ = R∗+,μ. Hence we can obtain the expression of the irreducible representation π|Iμ as follows:
π(F) = F(μ, r) for all F ∈ Iμ and for some r ∈ R∗+. It follows that π = δμ,r since Iμ is a closed
ideal in Dn,0 (see [2]). Hence D̂n,0 = Kn as sets. 
Proposition 4.8. The Fourier transform maps C∗n,0 onto the ideal Dn,0 of Dn.
Proof. We have already seen that F(C∗n,0) ⊂ Dn,0. In addition, Dn,0 is a type I algebra since
D̂n,0 = Kn. Furthermore, for every representation π ∈ D̂n,0, π|F(C∗n,0) is irreducible and we have
seen in Proposition 4.7 that the restriction mapping D̂n,0 → F̂(C∗n,0) is a bijection.
We can use therefore the theorem of Stone–Weierstrass (see [2]), which gives us our re-
sult. 
Proposition 4.9. The quotient space Dn/Dn,0 is isomorphic to C∗(SO(n)).
Proof. Let






We have Ker(δ) =Dn,0. Furthermore, since Dn contains the algebra F(C∗(Mn)), the image of
δ contains the image of the Fourier transform of C∗(SO(n)). Hence δ is surjective. 
Theorem 4.10. The C∗-algebra of the motion group is isomorphic to Dn under the Fourier
transform.
Proof. We have shown that F(C∗(Mn)) is contained inDn which is a type I algebra. In addition
M̂n is in bijection with D̂n. In fact, we have M̂n ⊂ D̂n. Moreover for every irreducible represen-
tation π ∈ D̂n, we have either π/Dn,0 = {0}, and then π = π(μ,r) since Dn,0 is a closed ideal
of Dn and D̂n,0 = Kn or π ∈ D̂n/Dn,0 and then π = τλ. Hence π ∈ M̂n and M̂n = D̂n as sets.
Thanks to Stone–Weierstrass’s theorem, we get our desired identity Dn = F(C∗(Mn)). 
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